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ANATIYTICAL DEVELOPMENT OF THE PLANETARY DISTURBING

FUNCTION ON A DIGITAL COMPUTERl

by

I.G. Izsak,2 B. Benima,3 and Sara B. Mills3

Introduction

The purpose of this report is to describe our recently completed IBM
TO94 computer program for the analytical development of the planetary dis-
turbing function. Our reason for undertaking this work and the mathematics
of the program has already been documented in sufficient detail (Izsak and
Benima, 1963; Izsak, Gerard, Efimba, and Barnett, 1964) We are now con-
cerned with implementing the construction of a powerful computational tool
that has various applications in celestial mechanics.

A few equations have to be added to those given in SAO Special Report
No. lhO, and their numbering is continued in this report. There will be a
small change in notation. The choice of the indices my and m, in the series

(30) and in related formulas was unfortunate inasmuch as the same symbols
were used to denote the masses of the planets. In this report these indi-
ces are marked with 51 and so. The adopted expansion of the Jacobi coeffi-

cients is the classical one (12). In order to assure greater flexibility,
our program does not use equations (28) and (29). Instead, the complemen-
tary part of the disturbing function is obtained separately from the prin-
cipal one as follows.

The planetary disturbing function takes slightly different forms depen-
ding on the chosen coordinates in the basic differential equations of motion.
Such a choice also affects the most convenient definition of orbital elements.
Three possibilities of distinct advantage offer themselves: conventional
relative coordinates, canonical relative coordinates, and Jacobi's canonical
coordinates (Charlier, 1927). Only the first two will be considered here.

lIIhis work was supported in part by grant number NsG 87/60 from the
National Aeronautics and Space Administration.

gResearch and Analysis Division, Smithsonian Astrophysical Observatory,
Cambridge, Massachusetts.

3C0mputations Division, Smithsonian Astrophysical Observatory.



Working with conventional relative coordinates, we need for the
perturbations of an inner planet by an outer one the function

-1{aA4-aer<ms§},

R = Gm,a 2 o170

22
and for the perturbations of an outer planet by an inner one

-1 -1 -2
R = Cm,a, fasb = - a,r,r, cos 8},

Py
where A = (ri + rg - 2r,r, cos §)° denotes the mutual distance of the planets,
and the expressions in curly brackets are dimensionless. Let us introduce the

auxiliary function

p = —=2cos 8 ; (68)
12

then we can write

oY

- a.r r_2 cos ¢ =
212

l\)mll—‘
[e¥%

2 > a2 2 a2
°p and - a.r.r cos & = <f%> °p
M? 27271 a,- BN§

2

Working with canonical relative coordinates (Poincare, 1897), we find
again azA-l as the (dimensionless) principal part of the disturbing function.

The complementary part, however, turns out to be

mo‘/a27al an
= b
[A T, /OF T, oM, oM,

where m_. stands for the mass of the Sun. This function is the same for the
perturbations of the inner and outer planets.

To sum up, the elaboration of a planetary perturbation theory requires
in either of these cases the development of the functions ay A=l and p into
a multiple Fourier series.




1. The principal part

In analogy with equation (31), the development of the function agA-l
is of the form

Y cos[glM1+-32M -+(k+z)x -(k- z)x 1, (31')

whose arguments can also be written as

A F Ay - Gy - dpws s

where

i, = +k+4 and i = j. -~ k+4 .

159 o = JIp

The coefficients cJ 3 of the above trigonometric series in turn are
1“2
pover series in the elements eys e2, and v = sinz(J/Q). Their general

expressions by means of Laplace coefficients and Newcomb operators were
derived in Special Report No. 14O. For the sake of easy reference we
repeat here some of the equations used in their computation:

S

N l 2 ’
c. . ’ (307)

the summations being extended over all values of the indices 8 and 85
for which

= |31| +2h, , s, = ljzl +2h, ,

Y- T
C. kf,_

d1dp

and

L 2(0]k,0) by (@) (27')
1°2

the combined Newcomb operators are defined by

12 1 > X ,
UJI (D|k,2) = U jl(leﬂz) "3 W (D|-k+4) ; (26)




a=a /a2, b (a) |k“z|(d), and for 4 > O the expansion of the Jacobi

coefflclents in terms of Laplace coefficients is given by

b (@) =) ()" v ", (),

m
where (12)
_ g —+1,+m
Pty [J.Hn] 2( )Cn ) km-2j °
In other words, we have
8,8 s s. S
€33 ke ZEZ kz 1122s (69)
195 “3 o
with
= £4+m and
5.5 8
31 Py = ) ﬂJl “(0]k,8) b, (o) (70)
19 2 l 2

2. The complementary part

There is not much to say about the analytical development of such a

simple function as p. It is easily obtained from the definition of Hansen
coefficients by the expansion (32).

The general form

PR cosl 1M + J M, + (ket)hy - (k-2)A,] (71)

é[\/Js
8 I8

K, 4

of this development is the same as (31’). But because in (68)

cos & = M cos (ul-u2) + v cos (ul—+u2) , (72)

[+ -]

j .llj
i
(rl/al) exp iu, E;XJ % Cl and (re/ag) exp 1u E;X32+l o €2 ’

-0




only the following combinations of the indices k,£ occur:

(k,2) =

The coefficients Y

(l O); (-l,O),

(o,1), (0,-1) .

kz
Yi s 10 =Y . . = E l,l Xl,-l
J1J2 '315"32)-1)0 2 Jl+l 32_1
v J1,1 1,1
Y5 s =Y_: s 4 =5%, X,
314,01 J12=3500,-1 — 2 Ty 41 T kL

Thus using the definition

i) = L] oo &
m

of the Newcomb "operators,"

s s O s

2y

2v.
where
YslsQO slsel
313210 Jlgelo
slsel
Y.
J195

o1 =

=ﬂ§i(1|1) ]
I

Then the coefficients in the Fourier series of the (dimensionless)

1
jl(lll)

we find the expansions

2(

Jo

complementary part of the disturbing function are

s s 1 s s

2,
10 = E: Y 2: zz Y,
313,10 E: 313210 1 2 3135 1o 1 -

1j1) .

(73)

(74)



and -o < i i

T ¥ Tote Yy a0k 171 Vg ke
for conventional relative coordinates,
and (75)
m. a-%

0

e —————————————————

ii. vy,
,/mo+-ml,/mo-+m2 12 Jlagkl
for canonical relative coordinates.
From now on we assume that the principal and complementary parts of
the disturbing function have been merged. That is, the c-coefficients are

supposed to have been modified so as to include the contribution of the
y-coefficients.

3. The pattern of indices

Once the mathematics of the developments (31’) and (75) is formulated
and the several required subroutines are all coded, our problem consists of
organizing the latter into an efficient unity.

The ultimate building elements of the disturbing function depend on
seven indices. Each of these indices jl,jz,k,z,sl,se,s has a theoretically

infinite range. In practical applications, of course, the relevant expan-
sions have to be limited to a finite, although sometimes a very large number
of terms. Various circumstances can be used with advantage.

The coefficients cj ik of our quadruple Fourier series contain the
1l %21 a2 3
factor ey e v . As e e2, and v® are small quantities of usually

comparable order of magnitude, it is natural to 1limit the development to
those values of the indices, Jl’ 32, and 4, for which

b= la]+ 15+ 2l

called the rank of a term, does not exceed a certain preassigned integer P.

Similarly, with the expansion (69) we associate the integers

q = sl + s2 +28 £Q,

5,858
3y
always a nomnegative even integer. Needless to say, the proper limits P
and Q depend largely on the pair of planets under consideration.

and call them the degree of a coefficilent c Note that q-p = 2r is

-6-




In general, the Laplace coefficients and their derivatives decrease
with increasing absolute values of the index k. Moreover, the integration
of the Fourier series derived from (31’) introduces divisors that, as a
rule, slowly increase at the same time. (Long-period terms with small divi-
sors constitute a notable exception to this rule. Like the secular terns,
they must be treated with special care.) Thus we may also impose a con-
dition |k|< K.

Due to the symmetry in relation (30’), it is sufficient to compute the
terms of the disturbing function the indices of which are

3;=0 Jy,=0 =0 (p=0) k=0

j; =0 Jp,=0 2=0 (p=0) k=1,...,K

jy>0 ;=0 =0 (p=J;=0,...,P) k= -K,...,K
i,>0 2=0  (p=[3]|*3,=0,...7) k = -K,...,K

1l
1]

£>0  (p=ligl+ gl +22=0,..0,P)x = k,...,x

If the terms belonging to these indices are known, then the complete ex-
pression (31’) in the range p < P, |k|< K is obtained by taking twice all
the terms just specified, except the first one, which is a constant.

Let us give a concrete example. The 98 solutions of the inequality
|Jll+|32|+ 24 < 6 in question are:

I j2 4 Jy Jp 4 J o 4 dy I 2
0O 0 0 0 L o 0 3 1 L o 1
21 3 0 21 2 1 3 1 1
1 0 O -2 20 2 11 2 21
0O 1 0 -3 1 0 -3 01 1 3 1
2 0 1 -2 -1 1 0O L 2
2 0 0 1 11 -1 -2 01 -1 3 1
1 1 0 0 2 1 0 -3 1 -2 21
0 2 0 21 1 1 1 -2 1 -3 11
-1 1 0 2 01 2 -1 1 -4 0 1
0O 0 1 -1 -1 1 1 0 2 -3 -1 1
0 -2 1 0 1 2 2 21
3 0 0 1 -1 1 -1 0 2 -1 -3 1
2 1 0 0 0 2 0 -1 2 0 -4 1
1 2 0 1 -3 1
0O 3 0© 5 0 0 6 0 0 2 -2 1
-1 20 L 1 0 5 1 0 3 -1 1
2 10 3 20 Y 2 0 2 0 2
1 0 1 2 3 0 3 3 O 1 1 2
0 1 1 1 4 0 2 4 o 0 2 2
<1 0 1 0 5 0 1 5 0 -1 1 2
0 -1 1 1 koo 0O 6 0 -2 0 2
-2 30 -1 5 0 -1 -1 2
¥ o0 o -3 2 0 -2 L4 o0 0 -2 2
3 10 -4 1 0 -3 3 0 1 -1 2
2 2 0 3 01 & 20 0O 0 3
1 3 0 2 1 1 -5 1 0
1 2 1
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so that

hl+h2+m=rs%(Q-p).

8, we get:

For example, corresponding to the choice P = 6 and Q
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The size of the individual coefficients 1s in reality much less
regular than the foregoing general remsrks would seem to indicate. Human
Judgment as to which terms should be kept and which neglected is here
Probably preferable to computer-made decisions. The efficient use of the
Present program is facilitated by the following features. First, for each
combination of the jl, 32, 2 indices we specify separately the degree g

of the coefficients to be retained, as well as an interval X < k < k of the
index k. Second, the program can be run in two modes, namely either to com-

$.S,.8 s.5,8 5. S
pute the coefficients c 12 s Or to evaluate the monomials c.l.2 e 1e 2 v

jljakz Jlazkz 12
This way we get a fair idea about the convergence of the analytical develop-
ment of the disturbing function in any particular case. Third, the effect
of the divisors of integration is also exhibited. We shall say more about
the program in Part 4.

Since the quantities n,, n_ are the mean motions of the two planets,

1’ T2
the angular frequency of a term in the Fourier series (31’) is approximately

iln1 + i2n2. It is therefore of interest to know which indices Jl’ 32, k, £

can give rise to a certalin combination

il = jl + k+ 4 and 12 = j2 -k+ 4.
These relations are equivalent to
Jp+d, vt =1, +1,, (76)
-y vk =1 -1, . (17)

12 1, equation (76) has an infinite number
of solutions. But we are interested only in solutions with rank p < P, and
these are finite in number. Indeed, the indices Jl’ 32, 4 satisfying the

conditions (76) and |31|+|32|+ 2|4]< P are:

For a given pair of indices i

L= -[v/2], ... » [w/2] -1, [u/2],
(31132) = ([u] -24, '[V]) 2 vy ('[V];[u] '22) it £ 20,
(3ys3) = ([ul, -Lvl-28) , ..., (-[v] -2, [u])  if g <o,

with
u = 12-(1411+12) 20 and V= %(P-il-iz) 20 .



Once a pair (jl,jz) has properly been chosen, the value of the index k
is determined by equation (77). It is sufficient to obtain the quadruples

(Jl,je,k,z) under the condition i+ 12 > 0; whenever the convention adopted

on p. 7 is violated, we simply change signs, except in the case 114-12 = 0,

where the quadruples violating our convention can be disregarded.

As an example, let us consider the great inequality in the theories of
Jupiter and Saturn associated with the arguments

W, .

Wy = do%s

1

Due to their small divisors, such terms of the disturbing function must be
carried up to an exceptionally high rank. Put P =9, so that u=6, v = 3.
The appropriate solutions of equation (76) are exhibited in the following
figure, where open circles indicate that the sign of the corresponding indices
is to be changed.

J2

L. The program

Introduction

The program is written in FORTRAN II for the IBM TO94 computer and
double-precision arithmetic is used. It computes the coefficients

8.5.8
cjljekt (70) of the Fourier expansion of the disturbing function by applying
12

the combined Newcomb operators (see Special Report No. lhO) to the Jacobi coeffi-

-10-




clents which are derived from the Laplace coefficients (see Special Report No.129),

It also gives the first and second derivatives DC and DQC, vhere D = o §§
5.85,.8

and C = ¢ *.2 , and the fractions C/N, DC/N, and C/NZ, vhere N = i,+ Bi,.
Jpdokd 1 2
slszs 51 52 s
A second mode is provided that computes the monomials c, . e, e.“v (69).
jlgzkz 12

The complementary parts are computed in conventional relative coordinates (inner
or outer planetsg, or in canonical relative coordinates as specified by the
user.

Program limitations

There are two versions of the program. The first and smaller version
requires 13356 cells of lower core and 3341 cells of common storage. The
limitations of this version are:

slszs

k| <15, £ =20 for k and £ in c*’l"ak"
the degree q < 8,
the rank p< 6 .

The second version requires 15360 cells of lower core and 6305 cells
of common storage. Here the limitations are:

k| <20, 220, q=<10, and ps9.
Method

First the Laplace coefficients Djbi+% are computed and stored for later

use. Next we generate the inner and outer Newcomb operators and store the

coefficients of these polynomials. The program then reads in the parameters

Jl’ 32, 4, the minimum and the maximum limits of k, and the degree q of the
8.8,.S

coefficients c,l 2

we want to compute.
SR P

A1l possible combinations of 812 Bo» and s for the given parameters 31,

i
for each combination of Sl’ Sps and s we recall from storage the corresponding
s s
inner and outer Newcomb operators 1_[31 and 32 || and evaluate them for the
1 2

32, 4, and q are computed and stored. Then for each k from km n to kmax and

current values of (k+4) and (-k+8), respectively (26’). The two resulting
polynomials in the differential operator D are multiplied together. The product

S.S
.1 e (26’). Next the b and all its
J1J2 k4m

required derivatives are determined for each new m. Finally we apply the com-
bined operator to the by,. (70).

polynomial is the combined operator T_I

-11-



§.5,.8

If the c.l.ekz
9192

indices, it is more efficient to compute all the possible combinations

of the bkzm directly after the computation of the Laplace coefficients,

storing them for later use. In the smaller version of the program this
would require an extra 1200 locations.

have to be evaluated for a very large number of

Because of the symmetry c (30') we evaluate

. =c .
le2k£ =Jy» 32, k,-4
only half of the coefficients and then multiply each of them by two except
the C5000° To avoid duplication, we adopt the convention that L is always

greater than or equal to zero and if £ = O then 32 2 0. If this convention

is violated we simply reverse the signs of all four indices.

If |k|+4 =1 and the coefficients of the complementary parts in formula
(75) are nonzero then we compute the complementary parts of the c-coeffi-
cients in the coordinates specified by the user in the input and add them to
the principal parts. In these cases the printout is preceded by an asterisk.

Usage

The first data card should contain six control characters for the printing
of intermediate results using the format (6I10). They control the printing of
the Laplace coefficients, the inner and the outer J's, the inner and the outer
X's (Special Report No. 140), and the time used by the program, in that order.
A blank card will suppress the printing of all intermediate results.

Each group of input cards with indices must be preceded by a control card
which indicates the mode and the choice of coordinates and gives the values of
the program parameters. The first character on a control card should be either
a 'C' for coefficients or a 'M' for monomials followed by a 1, 2,or 3 for con-
ventional relative coordinates, inner or outer planet, or canonical relative

coordinates, respectively. The values for a0 < o = al/a2 < 1) and

B(0O < B = n2/n1 < 1) follow, and if monomials are requested, the values for €15 o5

and‘V;(= sin J/2).Finally, if canonical relative coordinates were specified,

mo/ml and mo/mz. The control cards are in free-field format, and numerals are

defined by a trailing blank.




This control card is followed by a group of parameter cards, each card
containing jl, ja, 4y ¥ ., k , and q with a format of (6110). For each

min® “max
Jl’ 32, k, and 4 where k runs through all the integral values from kmin to
kmax’ all the combinations of 8y 52 and s such that 8y + 52 + 28 < q are

generated. For every set of indices 815 52’ 8, jl, 32, k, £, the coefficient
8.5_.8

cjljzkz’ its first two Newcomb derivatives, and the fractions C/N, DC/N, and
1v2

C/N2 are evaluated and printed out. If the value for q is preceded by a minus

sign on the input card, the printout will be suppressed.

To end a group of parameter cards a blank card is inserted. The program
then reads a new control card for the next group of parameter cards. In order
to terminate the program a card with a zero or a decimal point is placed
directly after the blank card.

We shall now discuss the MAIN program and the subroutines that have not
already been described in the Special Reports Nos. 129 and 140.

MATN program

After the necessary initializations and the reading of the print-control
card, the MAIN program reads the first control card into a buffer. The program
will exit if the coordinate code number is zero. Hence a card with a zero or
a decimal point in the place of a control card will terminate the program.

A blank card may not be used since the numerals on the control card are read
in a free-field format. If the coordinate code number is not zero, the first
character of the control card image is read from the buffer. If this charac-
ter is neither a 'M' or a 'C' an error message is returned and the program

exits., If it is a 'C' the card is read for the second time from the buffer

and o, B, ml, and m2 are picked up. For monomials, i.e.,in case of a 'M!,

o, B, > e2, /U, m, , and m2 are read and the coordinate control code is set

negative. The program then calls the subroutine MORCCE to compute and store
the Laplace coefficients. If the first print control is greater than zero,
the Laplace coefficients are printed out. Next the subroutine COMBOP is
called to develop the inner and outer Newcomb operators and store them in two
linear arrays. The appropriate headings are written according to the choice
of coordinates. If the coordinate code is negative, i.e.,if monomials were
requested, the values of €15 5 and v are printed out and their powers are
computed and stored.:

The program now proceeds to read a parameter card with jl’ 32, 4, kmin’
k ..o and q using the format (6110). Compliance with the program limitations

is checked,and if not satisfied an error message is returned.



The subroutine INDEX finds and stores all possible combinations of
Sl’ 52, and s for the given set of parameters. The program ends with a

loop in which k is stepped up from k to k ax’ For each k and each

combination of 812 S5» and s the subroutine SOLVE is called to compute and

Sls2s

91 2k£

The program then goes back and reads the next parameter card. If a
blank parameter card is encountered, the page line count is reset and a
new control card is read in. If the new o differs from the previous one,
the Laplace coefficients are computed again for the new «.

2
print the c

MORCGCE

The subroutlne MORCOE first computes the Laplace coefficients for
s + % = 2 by calling LPICCOF. This program LPLCOF is described in detail
in Special Report No. 129 and is used here essentially unchanged except for
dimensions and storage arrangement.

All the results of LPICCF are stored in the common area and are later
overwritten by the results of the NewcoTb operator program. MORCOE then
computes the Laplace coefficients DJ k+2 from s.+‘L = ll to si—l hl by
recursion and stores the results in lower core for later use by the BKIM
Program.

A
Jbi+2 for

s=1,2, 3, 4, and j=0, ..., Q - 2s+2, first for k = O (taking

Using formula (16) in Special Report No. 129 we compute D

J,s+3 pIp st 3
Db )% = D] ) and then for k = 1, ..., 19 (smaller version).

COMBOP

The subroutine COMBOP constructs the inner and outer Newcomb operators
and stores their coefficients for later use in two linear arrays AICM and
ATEMP, respectively.

It does so by calling the Newcomb operator program written at M.I.T.
and described in the second part of Special Report No. 140. We have adapted
this program to fit our needs. We were mainly concerned with storage
limitations and made some changes of which the more important are the fol-
lowing. The numbers in column 16 of array AICT on the bottom of page 30
(special Report.No. 140) were eliminated. This made it possible to store the
coefficients of all inner and outer operators up to degree 8 in two arrays
AICM and ATEMP each of only 625 double words. These two arrays occupy the
same space in the common area that was used previously for all the inter-
mediate results of the Laplace coefficients program. The PRINT routine was

“1h-




simplified, and INTVAL was eliminated. The routines GETAS, GETPSI, and
BIGPSI are not needed for the present application. We added the routine
OUTRJS which constructs the outer J's from the inner J's by substituting
(-D-1) for D (page 14, Special Report No. 140) which is accomplished by the
subroutine NSUBST. The outer J's are stored in ATEMP. The subroutines
STORE and KEEP are combined to one routine and modified so that it now

can service both arrays AICM and ATEMP. The subroutines TRANS and DIVIDE
are similarly changed.

After calling GETJS, COMBOP calls OUTRJS and then twice GETXS, once
with AICM as argument and the second time with ATEMP to produce the inner
and outer X's. The X-arrays overwrite the J-arrays in storage.

Having generated and stored the Laplace coefficients and the inner and
outer Newcomb operators, we are ready to enter the inner loop of the program
slses

which computes and prints the ¢,
31321{2

for each set of indices.

OUTRJS

OUTRJS moves each inner J to the working array AICT with the subroutine
TRANS, then converts it with NSUBST to the corresponding outer J and stores
this outer J in the array ATEMP.

NSUBST

The subroutine NSUBST constructs each element of the outer J-array by
multiplying each element of the same or higher degree in D in the same k-
column of the inner J-array by the proper coefficient of the Pascal triangle,
which triangle was stored during the development of the Newcomb operators,
and by the proper alternating sign and then adding these products together.

INDEX

The subroutine INDEX generates all combinations of sl, s,y and s

2
according to the scheme on page 8 and stores the resulting sets in a two-
dimensional array. The routine consists of three loops. The total number
of combinations s., 8p9 and s for each set of indices 1s alsoc returned to
the MAIN program.

SOLVE

The subroutine SOLVE has two functions, the computation and the printing

slszs

of the coefficients ¢ -

-15-




The format for the headings is constructed during execution time.
The spacing of the coefficients of the cosine argument is handled by a
subroutine FORMAT. If the divisor N = i1+ 312 is zero, only the first

half of the heading is printed and three columns instead of six are
written out.

If |k|] + £ = 1 and the coefficients of the y-components (75) belonging
to the selected coordinate system are nonzero, then there will be a com-
plementary part. The format is adjusted so that the heading is preceded by
an asterisk and a flag is set for the computation of the complementary part.
A running line count is kept lest the headings are split over two pages.

After the headings are written out, the coefficients are computed in a
loop that is repeated for each combination of Sl’ 52, and s. The first time
through the loop and each time m changes, the lem and its derivatives are
evaluated by the subroutine BKIM from the Laplace coefficients. The appro-
priate combined Newcomb operator now is produced by the subroutine COMBIN
in the form of a polynomial in D. The subroutine APPLY then applies this
combined operator to the proper derivatives of b m to yield the

s.8_5S s.5_8 S.8,.5 kt
12 12 212
c.”. (70), the Dec .. ,and the D7c ., . Because of the symmetry in
J-J k4 Ja J kL J- J-k4
12 1%2 12 slses
(30’) the coefficients are doubled except for the 5000 and then divided

by N and N2.

If the flag for a complementary part is set, the value of s is checked.
If s is greater than one, the flag is erased. But if s = O or s = 1, the

s s
function program GAMMA computes i-T]-jl (1]1) 1_T 32 (1]|41) and depending on
1 2

which coordinate-system was selected, y then is multiplied by the relevant
factor in (75). The complementary part and its first and second derivatives
are added to the corresponding principal parts. In case of monomials all
s, S
1 28
1% 7

After the final loop is satisfied, control is returned to the MAIN
program to pick up a new set of indices.

coefficients and quotients are multiplied by e

FORMAT

This function subprogram checks each coefficient in the cosine argument.
If it is positive a + sign is inserted in the format. Proper spacing is
provided depending on whether the integers have one or two digits.

BKIM

Using the binomial coefficients computed by the Newcomb operator program
and the Laplace coefficients computed by MORCOE, the terms of the sum in (12)

are evaluated and summed. The sum is then myltiplied by [Lém] and given the
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%ign frgm formula (70). This is repeated for all derivatives up to degree
g-2s+2).

COMBIN

l"ls
This subroutine moves the inner Newcomb operator 1

from the linear array AICM to the working array AICT. If jl happens to be
negative, we change first the signs of j,, k, and 4, using the equality (33),

since the Newcomb operators were constructed only for p 2 ¢ in view of the
symmetry relation (33) or (37) of Special Report No. 140, It then calls the sub-
routine EVALUK which evaluates this polynomial by substituting for k the cur-
rent numerical value of k+ £. The same procedure is followed for the outer

s
operator 32 l‘ except that this time the polynomial is evaluated for the

2
value (-k+g).

The subroutine MPPOLY multiplies the two polynomials in D and stores
the resulting combined operator. Control then is returned to the SOLVE

program.

EVALUK

Subroutine EVALUK simply multiplies each element of the array AICT by
the proper power of the constant k+4 for the inner operators and -k+& for
the outer operators, and sums the products in each row.

MPPOLY

MPPOLY multiplies the two polynomials that resulted from the two calls
to EVALUK. It first establishes the degree of the product polynomial. Then
each term of the product polynomial is assembled by forming all products that
contribute to this term and summing these products. They are found by step-~
ping up the degree of the term in the first polynomial and stepping down the
degree in the second polynomial, thus keeping the sum of the degrees constant
and equal to the degree of the term of the product polynomial being assembled.

APPLY

The subroutine APPLY multiplies each numerical coefficient of the com-

bined operator with the corresponding derivative of bkzm and with the first

and second higher derivatives. Each of these products is summed into its
S.S,.8 $.5,.S 5,8_8

previous total to form c,l.2 s .1.2 , and D2c,1,2
J- J kL J.J-k& J-J- ke
12 1°2 1v2
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GAMMA

To compute the y's of formula (T4) for the complementary part, we
first check the value of k. If k is nonzero, |k| must be one and £
must be zero. Otherwise an error message is returned. If k is negative

we change the 81gns of J;5 J,» and k. Then ve evaluateir-[jl (1|1) and

’ |J2 (1]-1) with the function routine PI and multiply them together.
2
If s = 0, we return. If s = 1, we change sign. 1In case k = O, we check

s
if 4 =1 and s = 1. If this is true, we compute Y::]-T . (lll)r_[Jz (1]1).

All other cases result in an error message and exit from the program.

PT

PI evaluates TT-Jl (1]1) and.r] (1]-1). If a j is negative, we
change the 31gn of j and of k, using the relation (33). Then with equation

(367) we find'T_Ij from the inner X-array and move it to AICT with the
routine TRANS.

We add all elements of each column and then add these column totals,
ifk=1. Or if k = -1, we form an alternating sum.

Immediately following the references, we give two print-out samples of
the program. They both pertain to the planets Jupiter and Saturn. Appendix I
presents (in mode C) a somewhat more extended development of the disturbing
function than Leverrier's classical one in the Annales de 1l'Observatoire de
Paris, vol. 10, p. 68 and pp. 72-93. It was produced by the smaller version
of our program; the required machine-time was about one minute. Appendix II
exhibits (in mode M) the secular terms and the long-period terms of the
great inequality up to the 9th powers of the eccentricities, whenever necessary
to conform with modern standards of accuracy.
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COMPUTER RUN
IS DEDICATED

TO THE MEMORY OF

Ue—Je LE VERRIER

(1811-1877)
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SAD ANALYTICAL DEVELOPMENT OF THE PLANETARY DISTURBING FUNCTION

CONVENTICNAL RELATIVE COQRDINATES, INNER PLANET

BLPHA = .5454323
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COS t +0L +OL
1 2

c
1.0901658€ 00
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1.1996160€-01
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5.6650056E-01
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1.4053424€ 00
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1.9267588¢ 00
2.242375T€ 00
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2.1120102€-01
6.907085%52E-01
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4.6886815E 00
2.3531040€ 00

=3.39667T72E 00
~2.0826851E 01
-2.0826851E 0t
2.1728841E 01

C/NeN
1.8061893E-01
T7635756-01
=3.2763575E-01

2. 18404908E-01
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4.5955850E-01
-8.35688416E-01
~2.2607651E 00
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~6.9964022E-03
8.0999597E~-02
3.1303270€-01
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3. 1506369E-02

C/NeN
6.4762421£-05
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In line 5 from bottom, the words "inner" and "outer"

should be transposed.

The superscripts h on the right side of equation (16)

should read h-1l.

The first number of line L should read 0.11279093.

The a in line 16 should read +.

——n,k

Erase the first _ — ?’i at top of page, and the
>
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